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Summary. Constructions of the phase trajectory portraits of a heavy mass particle and rolling ball along curvilinear trace containing 

series of circle arcs are presented. An analysis of structural properties of phase trajectory portraits is realized. Conditions of the existence 

of a trigger of coupled three singular points in phase portraits and homoclinic orbit in the form of number “eight” are defined. An 
analogy between phase portraits of a heavy mass particle motion along curvilinear trace of series of circle arcs, rolling disk and rolling 

ball along same curvilinear trace is identified. Using these phase trajectory portraits and extended classical theory of impacts with 
kinematics and dynamics of rolling bodies the methodology of vibro-impact system dynamics is formulated. In the phase portraits, series 

of energy jumps between rolling bodies in collision are observed. 

 
Principal models 
In Figure 1.a a model of a moving heavy mass particle along curvilinear trace consisting of series of circle arcs in 

vertical stationary plane is presented. Ordinary differential equations describing dynamics of thе heavy mass particle 

movements along corresponding circle arc are in the form [1, 4, 5]: 
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Corresponding equations of branches of phase trajectories are in the following forms: 
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In Figure 1.b Model of a rolling heavy ball (or disk) along curvilinear trace consisting of series of circle arcs in 

vertical stationary plane is presented. Ordinary differential equations describing dynamics of this rolling body (disk or 

ball) along corresponding circle arc are in the form: 
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where iκ , 3,2,1=i  coefficient of rolling disk (ball) and 
iCJ  is axial mass inertia moment for instantaneous axis of 

rolling. 

Corresponding equations of branches of phase trajectories are in the following forms: 
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There are Mathematical and qualitative analogy between dynamics of these mechanical models.  
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Figure 1. a Model of a moving heavy mass particle along curvilinear trace consisting of series of circle arcs in 

vertical stationary plane; b Model of a rolling heavy ball (or disk) along curvilinear trace consisting of series of circle 

arcs in vertical stationary plane; c , d and e Different compositions of phase trajectory portraits of different phase 

trajectory branches in phase portraits and curves of constant total mechanical energy branches of two rolling disks for 

motion in intervals along different arcs of curvilinear traces composed by three coupled circle arcs with different 

radii. 
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Analysis of structural properties of analogous phase trajectory portraits  
Using equations (2) or/and (4) corresponding segments of the phase portraits for different geometric parameters and 

kinetic initial conditions (initial velocity and initial angular position on the curvilinear trace) and by computer 

software tools are drown and presented in Figure c, d and e. Different compositions of the phase trajectory portraits of 
different phase trajectory branches in phase portraits and curves of constant total mechanical energy branches of two 

rolling disks for motion in intervals along different arcs of curvilinear traces composed by three coupled circle arcs 

with different radii are presented. We can see that maximum of the curvilinear trace caused an unstable singular point 

saddle type that corresponds to unstable equilibrium position with local maximum of rolling body potential energy. 

Depending of geometric and kinetic parameters in the phase portraits exists a trigger of coupled three singular points 

[2] around which exists a homclinic closed phase trajectory in the form of number “eight”. 

 

Methodology for investigation of a class of the vibro-impact dynamics with rolling bodies collisions 
In Reference [3] are presented some dynamical parameters of two rolling bodies in collision like: a new hypothesis of 

angular momentum conservation, a new definition of the coefficient of restitution of collision defined by angular 

velocity. Parameters are defined for the cases before and after collision. Also, new expressions of outgoing angular 
velocities after collision of two rolling bodies are derived. These results are extension of classical theory of collision 

with kinematics and dynamics of collision of the rolling bodies. Using these results and classical method of phase 

trajectory portraits in phase plane and portrait of the constant total mechanical energy curves we founded an effective 

methodology for investigation of a class of the vibro-impact dynamics in the systems with collision of the rolling 

bodies. Energy jumps between bodies in collision and characteristic discontinuity appear in the collisions [6]. 

Methodology for investigation of a class of the vibro-impact dynamics with rolling bodies collisions founded on the 

phase plane method and extended classical theory of collision, theoretically is clear, but for solving particular tasks 

appear difficulties in determination of the position of each of successive collisions and, also time of each collision, 

arrival angular velocities. Consequently, it is necessary to include numerical method for solving elliptic integrals, 

roots of nonlinear  transient equations. Energy analysis, using phase trajectory portraits and portrait of constant 

mechanical energy curves, give possibility to indicate jumps in directions of velocity before and after collisions and 

kinetic energy jumps between rolling bodies in collisions. Particular cases are in the case that representative points of 

nonlinear dynamics of each rolling body in collision have jumps from one to other phase trajectory in the form of 

number „eight. 

 

Conclusions and perspectives  
 

In the case that previous models in Figure 1. a and 1.b rotate around vertical axis of symmetry, in phase trajectory 

portrait appearance of numbers of new triggers of coupled singular points is possible [2] in each parts of phase 

trajectory portraits corresponding to each of the circle arcs of the rotate models. Multiplication of the triggers of the 

coupled singular points and appearance of a number of homoclinic trajectories in the form of number „eight” are 

caused by coupled rotations.  
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