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Calculus on Smith-Volterra-Cantor sets
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Summary. In this paper, we study the Fα-calculus triadic Cantor set which involves fractional local derivatives. The functions with
fractal support are not differentiable and integrable in the sense of standard calculus. Triadic Cantor sets have self-similar properties
and fractional dimensions which exceeds theirs the topological dimensions. We have generalized Fα-calculus on the triadic Cantor set
to the Smith-Volterra-Cantor sets. We have suggested a calculus on the middle-ε, (0 < ε < 1) Cantor sets for the different value of the
ε. Differential equations on Smith-Volterra-Cantor sets have been solved. Using the illustrative samples we present the results.

Basic tools in the fractal calculus

In this section, we summarize Fα-calculus without proofs [1]. We review the Cantor-Like sets and theirs properties as
follows[6] :

Middle-ε Cantor Sets:
Let us consider the unit interval I = [0, 1] then in the first iteration remove the an open interval of length ε of [0, 1] from
the middle of the I so we have

F ε1 =

[
0,

1

2
(1− ε)

]
∪
[
1

2
(1 + ε), 1

]
. (1)

In the second iteration, we pick up two disjoint interval with length ε from the middle of each of the interval in the F ε1
then arrive at

F ε2 =

[
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1

2
(1− ε)2

]
∪
[
1

4
(1− ε)(1 + ε),

1

2
(1− ε)

]
∪[

1

2
(1 + ε),

1

2

(
(1 + ε) +

1

2
(1− ε)2

)]
∪
[
1

4
(1− ε)(1 + ε),

1

2
(1− ε)

]
∪ (2)[

1

2
(1 + ε)

(
1 +

1

2
(1− ε)

)
, 1

]
. (3)

Continuing iteration by picking up an open subinterval of length ε from the middle the disjoint intervals we lead ε-Cantor
set as

F ε =

∞⋂
k=1

F εk (4)

where F ε has self-similarity property with the fractional dimension. The ε-Cantor sets has zero Lebesgue measure [6].
Namely,

Lm(F ε) = lim
k→∞

Lm(F εk) = lim
k→∞

(1− ε)k = 0 (5)

Hausdorff dimension of Middle-ε Cantor Sets:
For every Middle-ε Cantor sets the Hausdorff dimension is given by

dimH(F ε) =
log 2

log 2− log(1− ε)
. (6)

where H(F ε) is the Hausdorff measure which is used to derive Hausdorff dimension [6].
Remark 1. If we choose ε = 1/3, ε = 1/4, ε = 1/5, then we have the Cantor triadic set, 4-adic-type Cantor-like set, and
5-adic-type Cantor-like set/ middle 0.5-Cantor sets, respectively.

The mass function and the integral staircase
If F is a fractal set then it is the subset of I = [a, b], a, b ∈ < (Real-line). The flag function for F is indicated by θ(F, I)
and is defined [1],

θ(F, I) =

{
1 if F ∩ I 6= ∅
0 otherwise.

(7)

The integral staircase function SαF (x) of order α for a fractal set F is defined in [1] by

SαF (x) =

{
γα(F, a0, x) if x ≥ a0
−γα(F, a0, x) otherwise,

(8)



ENOC 2017, June 25-30, 2017, Budapest, Hungary

where a0 is an arbitrary real number.
A point x is a point of change of a function f if f is not constant over any open interval (a, d) involving x. The set Schf
is called the points of change of f [1].
The γ-dimension of F ∩ [a, b] is

dimγ(F ∩ [a, b]) = inf{α : γα(F, a, b) = 0}
= sup{α : γα(F, a, b) =∞}. (9)

The integral staircase function SαF (x) of order α for a fractal set F is defined in [1] by

SαF (x) =

{
γα(F, a0, x) if x ≥ a0
−γα(F, a0, x) otherwise,

(10)

where a0 is an arbitrary real number.
A point x is a point of change of a function f if f is not constant over any open interval (a, d) involving x. The set Schf
is called the points of change of f [1].
The γ-dimension of F ∩ [a, b] is

dimγ(F ∩ [a, b]) = inf{α : γα(F, a, b) = 0}
= sup{α : γα(F, a, b) =∞}. (11)

If Sch(SαF ) is a closed set and every point in it is limit point, so that Sch(SαF ) is called α-perfect. For the F-limit and the
F- continuity definitions we refer the reader to [1].

Fα-Differentiation
If F is an α-perfect set then the Fα-derivative of f at x is [1]

Dα
F f(x) =

{
F− limy→x

f(y)−f(x)
SαF (y)−SαF (x) , if, x ∈ F,

0, otherwise.
(12)

if the limit exists.
In the next section, we will generalize the Fα-calculus on the Middle-ε Cantor Sets.
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