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Summary. The stability of fractional positive continuous-time and discrete-time nonlinear systems is addresed. The sufficient 

conditions for asymptotic stability are established by the use of an extension of the Lyapunov method to fractional positive 

nonlinear systems. The stability criteria are demonstrated on numerical examples. 

 
Introduction 

 

A dynamical system is called fractional if it is described by fractional order differential equation [13, 21-24]. The 

fundamentals of fractional differential equations and systems have been given in [21-24]. The stability of fractional 

linear systems have been analyzed in [2-4, 6, 7, 13, 20, 27, 28]. 

In positive systems inputs, state variables and outputs take only non-negative values. Examples of positive systems 

are industrial processes involving chemical reactors, heat exchangers and distillation columns, storage systems, 

compartmental systems, water and atmospheric pollution models. A variety of models having positive linear 

behaviour can be found in engineering, management science, economics, social sciences, biology and medicine, etc. 

An overview of state of the art in positive systems theory is given in the monographs [1, 5, 9]. 

Positive linear systems with different fractional orders have been addressed in [10, 16, 26]. Stability of fractional 

positive linear systems has been investigated in [1, 5, 8]. Descriptor (singular) fractional linear systems have been 

analyzed in [12, 17, 18, 25]. The stability of a class of nonlinear fractional-order systems has been analyzed in [6, 14, 

29]. Application of Drazin inverse to analysis of descriptor fractional discrete-time linear systems has been presented 

in [11]. 

In this paper the stability of fractional positive continuous-time and discrete-time nonlinear systems will be addressed.  

The paper is organized as follows. In section 2 the stability of fractional positive continues-time nonlinear 

continuous-time systems is analyzed and in section 3 the stability of discrete-time nonlinear systems. Concluding 

remarks are given in section 4. 

The following notation will be used: ℜ  - the set of real numbers, mn×ℜ  - the set of mn×  real matrices and 
1×

ℜ=ℜ
nn , 

mn×
+ℜ  - the set of mn×  matrices with nonnegative entries and 

1×
++ ℜ=ℜ
nn

, +Z  - the set of nonnegative 

integers, nM  - the set of nn×  Metzler matrices (with nonnegative off-diagonal entries), nI  - the nn×  identity 

matrix. 

 

Stability of fractional positive continuous-time nonlinear systems 
 

Consider the fractional nonlinear continuous-time system 

 

10)),(()(
)(

)(0 <<+== α
α

α
α

txftAx
dt

txd
txDt                                               (1) 

where 

,
)(

)(

)1(

1
)(

0

0 ∫
−−Γ

=

t

t d
t

x
txD τ

τ

τ

α α

α &
 

τ

τ
τ

d

dx
x

)(
)( =&                                                 (2) 

 

is the Caputo fractional derivative of the order α of the state vector 
n

tx ℜ∈)(  and 
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is the Euler gamma function, nnA ×ℜ∈  and 
n

txf ℜ∈))((  is the continuous vector function of )(tx . 

It is assumed that the nonlinear equation (1) has a solution )(tx  and the Lipschitz condition 
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is satisfied for some constant c and ",' kk xx  for nk ,...,2,1=  are some values of the components of the state vector 

)(txk . 

 

Definition 1. The fractional nonlinear system (1) is called (internally) positive if 
n

tx +ℜ∈)(  for all initial conditions 

nxx +ℜ∈= )0(0 . 

 

Theorem 1. The fractional nonlinear system (1) is positive if and only if 

 

nMA ∈  and 
n

txf +ℜ∈))((  for 
n

tx +ℜ∈)( .                                                 (5) 

 

Proof. It is well-known [13] that if 0))(( =txf  then 
n

tx +ℜ∈)( , 0≥t  if and only if nMA ∈  and nx +ℜ∈0 . By 

assumption the equation (1) has a solution and the condition (4) is satisfied. Using the Picard method it can be shown 

that the equation has a solution 
n

tx +ℜ∈)(  if the condition (5) is met. □ 

Consider the positive continuous-time nonlinear system 

 

)(xfAxx
dt

d
+=

α

α

, 10 << α                                                              (6) 

 

where 
n

txx ℜ∈= )( , nMA∈ ,  
n

xf +ℜ∈)(  is a continuous and bounded vector function and 0)0( =f .  

Definition 2. The positive fractional continuous-time nonlinear system (6) is called asymptotically stable in the 

region nD +ℜ∈  if ntx +ℜ∈)( , 0≥t  and 

 

0)(lim =
∞→

tx
t

 for any finite nDx +ℜ∈∈0 .                                                     (7) 

 

To test the asymptotic stability of the positive system (6) the extension of the Lyapunov method will be used. As a 

candidate of Lyapunov function we choose 

 

0)( >= xcxV
T

 for ntxx +ℜ∈= )( , 0≥t                                                       (8) 

 

where nc +ℜ∈  is a vector with strictly positive components 0>kc  for nk ,...,1= . 

Using (8) and (6) we obtain 
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for 

0)( <+ xfAx  for nDx +ℜ∈∈ , 0≥t                                                         (10) 

 

since nc +ℜ∈  is strictly positive vector. 

Therefore, the following theorem has been proved. 

Theorem 2. The positive continuous-time nonlinear system (6) is asymptotically stable in the region nD +ℜ∈  if the 

condition (10) is satisfied. 

Example 1. Consider the nonlinear system (6) with 
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The nonlinear system (6) with (11) is positive since 2MA∈  and 
2)( +ℜ∈xf  for all 

2
+ℜ∈x , 0≥t . 

In this case the condition (9) is satisfied in the region D defined by 
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From (12) we have 

0)2( 221 >>− xxx  and 221 )3(0 xxx −<≤ .                                                      (13) 

 

The region D is shown on the Fig. 1.  
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Fig. 1. Stability region (inside the curved line). 

 

By Theorem 2 the positive fractional nonlinear system (6) with (11) is asymptotically stable in the region (12). 

 
Stability of fractional positive discrete-time nonlinear systems 

 
Consider the fractional discrete-time nonlinear system 

 

),( 1 iiii uxfAxx −+=∆α
, 10 ≤< α , ,..}1,0{=∈ +Zi ,                                           (14a) 
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is the α -order difference of ix , 
n

ix ℜ∈ , 
m

iu ℜ∈ , 
p

iy ℜ∈  are the state, input and output vectors, nnA ×ℜ∈  and 

n
ii uxf ℜ∈− ),( 1 , 

p
ii uxg ℜ∈),(  are vector functions continuous in ix  and iu . 

Note that the fractional difference (14c) is defined in the point “i” not as usually in the point “i + 1” [13, 22]. 

Substituting (14c) into (14a) we obtain 

∑
=

−− +=
i

j

iiijij uxfAxxa
0

1 ),(α
                                                               (15a) 

and 

∑
=

−− +=
i

j
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1

111 ),(α
, +∈ Zi ,                                                         (15b) 
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Assuming 0=ix , ,...2,1=i  from (15b) for 0=i  we have 
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Therefore, the initial condition 0x  is related with 0u  by (16). 

Lemma 1. The matrix 
nn

n AIA
×

+
− ℜ∈−= 1

1 ][                                                                             (17) 

 

if and only if the positive linear system 

ii Axx =+1 , nnA ×
+ℜ∈                                                                              (18) 

is asymptotically stable. 

Proof. The positive discrete-time linear system (18) is asymptotically stable if and only if the matrix nn MIA ∈−  is 

asymptotically stable (is Hurwitz) [6]. The condition (17) is satisfied if the system (18) is asymptotically stable [6]. □ 

Theorem 3. The solution ix  of the equation (15b) for given initial condition 
n

x ℜ∈0  and input 
m

iu ℜ∈ , +∈ Zi  has 

the form 

),(
1

110 ∑
=

−−Φ+Φ=
i

j

jjjiii uxfxx ,                                                                 (19a) 

where 

∑
=

−Φ=Φ
j

k

kjkj Ac

1

1
α , ij ,...,2,1= , nI=Φ 0 .                                                       (19b) 

 

Proof. The proof can be accomplished by induction or by checking that (19) satisfies the equation (15b). □ 

In particular case for linear system 

∑
=

− +=
i

j

ijiji uBxcAx
1

11
α

, +∈ Zi , mnB ×ℜ∈1                                                        (20) 

the solution ix  has the form 

∑
=

−Φ+Φ=
i

j

jjiii uBxx
1

10                                                                      (21) 

and the matrix jΦ  is given by (19b). 

Remark 1. The solution ix  of the equation (15b) can be computed using the formulae (19) iteratively for ,...2,1=i  

and substituting 1−jx  given by (19a) into the vector function ),( 11 jj uxf −  for ,...2,1=i . 

Definition 3. The discrete-time nonlinear system (14) is called (internally) positive if 
n

ix +ℜ∈ , 
p

iy +ℜ∈ , +∈ Zi  for 

any initial conditions 
n

x +ℜ∈0  and all inputs 
m

iu +ℜ∈ , +∈ Zi . 

Theorem 4. The discrete-time nonlinear system (14) is positive if and only if 10 ≤< α , the matrix nnA ×
+ℜ∈  is 

asymptotically stable and 

 
n

ii uxf +− ℜ∈),( 1  for 
n

ix +ℜ∈  and 
m

iu +ℜ∈ , +∈ Zi ,                                           (22a) 

 
p

ii uxg +ℜ∈),(  for 
n

ix +ℜ∈  and 
m

iu +ℜ∈ , +∈ Zi .                                           (22b) 

 

Proof. Sufficiency. By Lemma 1 if nnA ×
+ℜ∈  is asymptotically stable then nnA ×

+ℜ∈1 . It is well-known [13] that if 

10 ≤< α  then 0>
α
jc  for ,...2,1=j . Therefore, from (19b) we have nn

j
×

+ℜ∈Φ  for ,...2,1,0=j  and from (19a) 

n
ix +ℜ∈  for ,...2,1=i  since by assumption (22a) 

n
iiii uxfAuxf +−− ℜ∈= ),(),( 1111  for 

n
ix +ℜ∈  and 

m
iu +ℜ∈ , +∈ Zi . 

If (22b) holds then from (14b) we have 
p

iy +ℜ∈  for +∈ Zi . 

Necessity. If 0),( 1 =− ii uxf  then 
n

ix +ℜ∈ , +∈ Zi  only if nnA ×
+ℜ∈1  and by Lemma 1 implies the asymptotic stability 

of the matrix nnA ×
+ℜ∈ . Note that 

n
ix +ℜ∈  for +∈ Zi  implies the condition (22a). Similarly, 

p
iy +ℜ∈  for +∈ Zi  

implies the condition (22b). 

Consider the fractional nonlinear system (14a) for zero inputs ( 0=iu  and )()0,( 121 −− = ii xfxf  in the form 

 

)( 12 −+=∆ iii xfAxx
α

, +∈ Zi , 10 ≤< α                                                    (23) 

or 
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)( 12

1

1 −
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α
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where 

)()( 12112 −− = ii xfAxf , +∈ Zi                                                        (24b) 

and 1A  is defined by (15c). 

Definition 4. The positive fractional nonlinear system (23) is called asymptotically stable in the region nD +ℜ∈  if 

n
ix +ℜ∈ , +∈ Zi  and 

0lim =
∞→

i
i

x  for 
n

Dx +ℜ∈∈0 .                                                            (25) 

 

To test the asymptotic stability of the system the Lyapunov method will be used. As a candidate of the Lyapunov 

function we choose 

0)( >= i
T

i xcxV  for 
n

ix +ℜ∈ , +∈ Zi ,                                                   (26) 

 

where nc +ℜ∈  is a vector with strictly positive components 0>ic  for ni ,...,1= . 

Using (26) and (24) we obtain 
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n
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since nc +ℜ∈  is strictly positive. 

Therefore, the following theorem has been proved. 

Theorem 5. The positive fractional discrete-time nonlinear system (23) is asymptotically stable in the region nD +ℜ∈  

if the condition (27) is satisfied. 

Example 2. Consider the fractional discrete-time nonlinear system (23) with 
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The nonlinear system is positive since the matrix 22×
+ℜ∈A  is asymptotically stable and 

2
2 )( +ℜ∈ixf  for all 

2
+ℜ∈ix , 

+∈ Zi . 

The region 2
+ℜ∈D  is defined by 
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Let us assume 

1.010 =x , 2.020 =x , 5.0=α , 4=i .                                          (30) 

 

The region defined by (29) with (30) is shown in Figure 2. 
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Fig 2. Stability region (inside the curved line). 

 
Conclusions 

 

The stability of fractional positive continuous-time and discrete-time nonlinear systems has been analyzed. Necessary 

and sufficient conditions for the positivity of the nonlinear systems have been given (Theorem 1 and 4). The well-

known Lyapunov method has been extended to positive fractional nonlinear systems. Using this approach sufficient 

conditions for the asymptotic stability of fractional positive continuous-time nonlinear systems (Theorem 2) and 

discrete-time nonlinear systems (15) have been established. The considerations have been illustrated by numerical 

examples of fractional positive nonlinear system. An open problem is an extension of these considerations to 

descriptor fractional positive nonlinear systems. 
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