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Summary. In this paper, we study the effect of the size of the latent reservoir and of the pool of long-lived chronically infected CD4™ T
cells in a non-integer model for HIV dynamics with drug-resistance. We calculate the reproduction number and study the local stability
of the disease-free equilibrium. The effects of the sizes of the latent reservoir and of the pool of long-lived chronically infected CD4™ T
cells were analyzed numerically, for distinct values of the order of the fractional derivative, . Our results are biologically reasonable.
We found that the latent reservoir in resting CD4™" T cells appears to be sufficient to maintain the plasma viral load in patients under
HAART. Moreover, the pool of long-lived chronically infected cells promotes an increase in drug-resistant virus, that escape treatment,
which turns the eradication of the plasma virus an impossible goal. These results are biologically acceptable and are observed for all
values of a.

Introduction

Over the years, the development of suitable mathematical models and the clinical practice have boosted a greater under-
standing of HIV dynamics. HIV infection damages the immune system and attacks preferentially CD4™ T cells, leading
to their depletion [18].

Treatment for HIV infected patients is extremely important. Nowadays, it consists of a cocktail of drugs, such as reverse
transcriptase inhibitors (RTIs), which inhibit the infection of CD4™ T cells by virus, and protease inhibitors (PIs), which
prevent the infected cells from producing new infectious virions. This therapy is commonly known as highly active
antiretroviral therapy (HAART). But even with treatment, HIV stays dormant within reservoirs, such as the latently
infected CD4™ T cells. These cells are infected during the primary phase of infection and remain at a resting state. This is
an obstacle for HIV eradication [9]. Latently infected cells take 6 to 48 months to be activated [29]. When they do, they
produce new virus and a viral-blip may be observed in patients.

The CD4™" T cells may be characterized as short-lived and long-lived cells. Short-lived infected CD4™ T cells produce
more virus than long-lived infected CD4™ T cells. On the other hand, the short-lived infected CD4™" T cells die more
rapidly [10].

In the literature several mathematical models have been proposed to describe the dynamics of HIV infection [17, 32, 35].
Existing models for HIV with treatment predict a rapid decline in viral load, in the first phase of infection, if treatment
is 100% effective. This decline is exponential and is defined mainly by the rate of decay of productively infected CD4 ™
T cells. If treatment is not 100% effective, the decline in the viral load is given, additionally, as a function of the drug
efficacy. In the second phase of infection, the decay in the viral load is slower. This is attributed to the emergence of drug-
resistant virus strains and the production of new virus by the long-lived CD4™ T cells. In this phase, viral load levels often
reach values of pre-treatment stage [14]. In 1998, Wein et al [33] present a mathematical model to predict the role of drug
regimens, based on combinations of PIs and RTIs, in the eradication of HIV-1 or in the maintenance of low viral loads.
The model includes the CD4™ T cells, macrophages (as long-lived cells) and sensitive and resistant virus. From the model
the authors infer that the behaviour of the cells and virus, and the eradication of the virus, are dependent on the strength
of the combined therapy against the mutant strain and the maximum achievable increase in the uninfected CD4™" T cell
concentration. Under certain conditions, the model suggests that a successful formula to control HIV infection would be
to start with a strong inductive therapy to reduce viral load, and proceed with a weaker maintenance regime. In 2006,
Kim and Perelson [19] study the persistence of the latently infected cells and low levels of plasma virus in HIV-infected
patients. Simulations of the model reveal that the intrinsic stability of latently infected resting memory CD4™" T cells is
the key factor to their long-term persistence. The role of ongoing viral replication to the stability of the latent reservoir is
meaningless. The presented model is also used to assess the contribution of long-lived infected cells to plasma virus. It
is found that these cells have a significant contribution to plasma virus only in the first few months of therapy, when the
viral load is above 50 copies/ml.

Fractional differentiation

Calculus of non-integer order, or Fractional Calculus (FC) has its birth in 1695 when, in a letter exchange, L’Hopital
asks Leibniz the possible meaning of a 1/2-order derivative. Since then, several definitions for the fractional order
(FO) derivatives and integrals have been proposed and their properties studied, by mathematicians, such as Euler, Abel,
Liouville, and Riemann. In 2015, Caputo and Fabrizio [11] propose a new definition for the FO derivative with non-
singular kernel. The Caputo-Fabrizio derivative has some problems with respect to the locality of its kernel. In order
to overcome this difficulty, Atangana and Baleanu [2] present, based on the Mittag-Leffler function, a new derivative
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of FO, with non-local and non-singular kernel. A few decades ago, FC starts to be widely applied in distinct areas of
engineering, such as electronics, viscoelasticity, biology, physics, to name some [20, 7, 8, 5, 21, 28, 27, 26, 22, 15, 6, 3].
For instance, applications of the Caputo-Fabrizio derivative to the nonlinear Fisher’s reaction-diffusion equation and the
nonlinear Baggs and Freedman model can be found in [1, 4]. In epidemiology, fractional models are applied to study the
dynamics of HIV, malaria, to name a few. In 2015, Pinto ef al [23] apply the fractional complex-order derivative to a model
of drug resistance in HIV dynamics. From the results of the model, the authors infer that the role of the complex-order
derivative is similar to the role of the delay in integer-order systems. The fractional order dynamics of the three stages of
HIV infection with drug-resistance is studied in [24]. In 2016, it is analysed a FO model for HIV infection where latent
T helper cells are included [25]. The order of the fractional derivative is associated to a decrease in the severity of the
disease. Moreover, the results of the simulations of relevant parameters, such as the fraction of uninfected CD4™" T cells
that become latently infected, and the CTLs proliferation rate due to infected CD4™ T cells, are biologically acceptable,
for all values of the order of the fractional derivative.

Driven by the aforesaid research, in this paper we propose a FO model for the dynamics of HIV infection and analyse the
roles of the latent reservoir and of the size of the pool of long-lived chronically infected CD4™ T cells in the persistence
of the disease. The paper is organized as follows. In Section , we present the model. In Section , we compute the
reproduction numbers of the model. Moreover we prove the local stability of the disease-free equilibrium. In Section ,
we show simulations of the full model for distinct sizes of the latent reservoir and of the pool of long-lived chronically
infected CD41 T cells. In Section , we conclude our work.

The model

The population is partitioned into nine classes, namely, the uninfected CD4™" T cells, T, the sensitive latently infected
CD4™ T cells, Lg, the resistant latently infected CD4 ™" T cells, L, the short-lived sensitive productively infected CD4
T cells, Is,, the short-lived resistant productively infected CD4™" T cells, Is,,, the long-lived chronically sensitive pro-
ductively infected CD4™ T cells, I, the long-lived chronically resistant productively infected CD4™ T cells, I¢,,, the
sensitive infectious virus, V7, the resistant infectious virus, V7, the non-infectious virus, Vi, the cytotoxic T lympho-
cytes (CTLs), E.

The uninfected CD4™ T cells are produced at rate Ar and die at rate dr. The healthy CD4™ T cells are assumed to
proliferate exponentially at rate r, until reaching the maximum carrying capacity 7,4z, in the absence of virus or infected
CD4™" T cells. The uninfected CD4™ T cells are infected by virus at a rate k; and by infected CD4™" T cells at a rate ko.
The infection rate by virus, k1, is reduced by a quantity, (1 — egr), where egr, (0 < epr < 1) is the efficacy of RTTs.
The infection rates by mutated virus are considered to be smaller. As such, we assume that mutated virus is less fit than
the wild-type. In the model, this is accounted by the parameter ). Upon infection, a fraction, «y,, of uninfected CD4* T
cells become latently infected. The latently infected CD4™ T cells become productively infected at rate a and die at rate
dy,. A fraction, ac, of productively infected CD4™ T cells become long-lived chronically infected T cells. The short-lived
and long-lived chronically productively infected CD4™" T cells die, respectively, at rates dy, and dj. Both are killed by
CTLs atrate k3. The sensitive virus particles are produced by short-lived and long-lived chronically sensitive productively
infected cells at rates N d;, and N,dj,, respectively. Similarly, the resistant virus particles are produced by short-lived
and long-lived chronically resistant productively infected cells at rates N, d;, and N,dj, respectively. Viral mutations
are accounted in the model by parameter u, which represents the probability of mutation per replication cycle. PIs prevent
virions to become productively infected. Thus, only a fraction, (1 — epy), of newly produced virus is infectious, where
epr, (0 < epr < 1) is the Pls efficacy. The virus particles die at rate ¢. The CTLs are produced at rate A\g and die at
rate dg. The proliferation rate of CTLs by infected CD4™ T cells is kg. The integer order system of ordinary differential
equations for the proposed model is given by:

7 — AptiT (1 B T+155+15n+;:jrzcn+LS+LR) — kaT(Iss + Is, + Ics + Ioy) — (1 — err)ka Vig T — ki Vi, T — dr'T

Ls = ar(l—epr)kiVieT + koarT(t)(Iss + Iog) — (a +d)Ls

Lp = apdkiVi,T + ksarT(Is, + Ic,) — (a +dg)Lr

I = (I—ac)l—ar)(l—err)k1VisT + ko(1 — ap)TIss + (1 — ac)aLls — ksElgs — disIsg

I = (1—ac)l—an)kVi,T + k(1 —ar)TIs, + (1 — ac)alr — ksEls, — disIs,

Ios = ac(l—ap)(l —erp)kaVigT + ko(1 — ar)Tlcs + acals — ksElog — droIcg (D
I, = ac(l—ap)pk Vi, T+ ke(1 — ap)Tlo, + acalp — ksElo, — dig Iy,

Vie = N —w)(1—epr)(diglss +diolog) — Vi

Vie = Npp(digIsy +digIey) + Nou(l — epr)(drgIss + dioIos) — ¢Vig

Vni = eprNy(drglsg +dioIog) — Vg

E = Xp+kelIss + Isy + Ics + Ic,)E — dgE
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The fractional order model, where @ € (0, 1] is the order of the fractional derivative, is given below.
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When a = 1, then the model is the integer order counterpart. The fractional derivative of model (2) is used in the Caputo

sense, i.e.:

dy(t)
dte

=177y ), t>0

where p = [a] is the value of o rounded up to the nearest integer, y(?) is the p-th derivative of (), I”* is the Riemman-
Liouville fractional integral given by:

P12(t) = ﬁ /Ot (t - t/)mfl 2(t)dt

where I'(p;) is the gamma function.

Reproduction numbers and local stability of the disease-free equilibrium

In this section, we compute the reproduction number of model (1), Ry, and the local stability of its disease-free equi-
librium. The basic reproduction number is defined as the number of secondary infections due to a single infection in a
completely susceptible population.

We begin by considering two sub-models of model (1). Model (3) arises from model (1) by setting the variables concerning
resistant populations (Lg, Is,, Ic, and Vr,,) to zero, and model (5) follows from model (1) by setting the variables
concerning sensitive populations (Lg, s, Ic and Vi) to zero.

We start by computing the reproduction number of model (3), R, using the next generation method [16], and the local
stability of its disease-free equilibrium.
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The disease-free equilibrium of model (3) is given by:

P =

0 70 70 70 0 170 Eo0 fmas {(Tafd%H (Ta*d%)2+4;:12§} A
(T 7L,S‘7IS57]CSaVIstN[7E ): oro 7050705070 = (4)

s Jo
dE

Using the notation in [16] on system (3), matrices for the new infection terms, Fy, and the other terms, V;, are computed

to be:
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0 kgOéLTO kgOéLTO aL(l — ERT)k?TO
F.— 0 kg(l — aL)TO 0 (1 — Oéc)(l — OéL)(l — ERT)k(lITO
s 0 0 k?(l - aL)TO Otc(l - aL)(l - GRT)IC?TO
0 0 0 0
a® + dg 0 0 0
v | —(-ac)e kS E° + dg, 0 0
; —aca® 0 kS EC + dg 0
0 —Ns(l—u)(l —Ep[)d%s —Ns(l—u)(l _EP[)d%C c®

The associative basic reproduction number is thus:

0

Ry = p(FV,™) = b omtegmrea a1~ e (B (1 - ac) B + i, )df, + Kdi, acEO((1 - ar)d + a*)?

(1 —€rr)?(1 —uw)2N2 +2(1 — epp)kf (1 — ap)d$ + a®(1 — ar(l+ ac))) (-1 + ac)k§ E® + (2(1 — ar)(ac — $)d$ +a*((2 — ar)ac + ap — 1)) df.) d3*

i (a"kg"aL(l —ao)EY +2k5ds, (L (1—a)dg +a® (0%ar, — arac + 2ar + 1)) EO + (2(1 — ar) (2 — ac) df + a®(1 + (o, — 2)ac)) d%g) ds.

+(a“k§arLEY — (1 — ap)df + a®(acar — 2ar + 1))d‘}c)E0ack§d‘]‘c) (1= ap)ds + a®)c*ks (1 — err)(1 — w)Ny + k3 (1 — ap)ds + a®(acar —ag + 1))2d(f:

+ (20 (2(1 — ar) (e — ) d§ + a*((2 — ar)ac + ar — 1)) apk§E® — 2d¢ (1 — ap)?d?® + a®(1 — ar)(2 — ap)dg + a®*(acad(ac — 1) +1—ay))) dS,

FE K 4 200 (2(1 - ap) (3 - ac) df +a®(1+ (ar, — 2Jac)k§d, B0+ d32((or, ~ Va3 + (acor ~ Da)?)] '+ (1= epr) (1 - ac)ds, + acdy, g E°

3 d9) (1 — ap)dg + a®)k(1 — epr)(1 — w)No + ((2(1 — ap)d$ +a®(2 — ar))k§ EO + (1 — ar)df + a®(acar —ap + 1)dg, + (1 — ar)df + (1 — acag)a®)d kse]
where p indicates the spectral radius of F'V ~!. By Theorem 2 in [16], we have the following lemma:

Lemma 1 If Ry < 1, then P} is locally asymptotically stable; if Rs > 1, P} is unstable.

We proceed with the computation of the reproduction number of model (5), R,, and the local stability of its disease-free
equilibrium.

MO = grer (11— D Henttn) _ per(rg, + Io,) — gh§ Vi, T - d§T
dfz%a(t) = arYkt Vi, T+ kSarT(Is, + Icy) — (a® +df)Lr
dlgf&(t) = (I—ac)l—ap)pks Vi, T+ k§(1 —ap)TIs, + (1 — ac)a®Lr — k§ Els, — df, Isy )
dlgﬁ(t) = ac(l—an)kVi, T+ k§(1 — ap)Tlc, + aca®Lr — k§Elc, — df, Ic,
Dl = Nl Ts, + diTo,) — Vi,
W = A%+ k§(Isy + Iop)E — dSE
The disease-free equilibrium state, P, of model (5) is given by:
Py = (1°L%, 13 1% VP E°) =(T°0,0,0,0,E°) )

Using the notation in [16] on system (5), matrices for the new infection terms, F}., and the other terms, V., are computed
to be:

0 kg‘ozLTO kg‘ozLTO Oqﬂ/)k?TO
P 0 k$(1—ap)T° 0 (1—ac)(1 — ap)vksT®
10 0 k(1 —ap)T° ac(l — ap)pksTO

0 0 0 0

a® + dg 0 0 0

v | —-ac)er kgEO+ag, 0 0

T —aca® 0 k§E®+d7. 0

0 “Nppd,  —Nppds, e

The associative basic reproduction number is given by:
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Ry =p(FV,) = 5 (2, + (1 — ac)k§ EO)2NZ((1 — ap)df + a® k39t + 2N, ((1 — ap)dg + a®)ks (((2ac — 1)de, + (—1 + ac)k§ E°)(1 — ag)dg

+((df,. + E%g(ac +1))(1 — ac)ar + (2ac — 1)df, — (1 — ac)k§ Eo)a® )k c*® + k32 ((1 — ap)df + (1 + (=1 + ac)ar)a®)*e®) dig + (2d5,.(dF, + (1 — ac)k§ EO)NZ((1 — ar)df + a®)* E%k§ ki acw?
+4 (d?‘c ((3 —ac)ds, + $kSE®) (1 — ap)dg + ((%acdf{‘} + E%$ (o —ac + 3) 5, + %Eozkgo‘(l - LY(;)) ar+ (3 —ac)die + %E%gd‘,’c) ao‘) No((1 = ap)d$ + a®)ksk§c*p?

+2 (—dg, (1 — ap)?d? + 2 ((3d3, + (ac — 3) k§E°) ay, —df) a®(1 — ap)d$ + (1 — ac)(E°kS + acd§,)a} + (df, + (2ac — kS E)ay, — d§, )a®*) k3%c**) dg,

FAENA((1— ap)dg +a®)2 BV k3 Z ot + 2d5 Ny (1 — an)dg + a® kg (—d5, (1 — ar)dg + (2 — ac)df, + k§ E?)ay, — d§, )a®) kg kit e acy? + (3(1 — a) d3* +4d3,, ((3acds, + (ac
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71) kt?E“) ap — %d‘]‘n) a® (=14 ap)dy + ((E“kf; + n'Cd‘I’(,)Q(wi - 4({?‘(7 (%ngd‘[’“ + ((‘v(; - %) kt?E“) arp + df;‘) (12“) k%"‘(‘m

3 + kg (N (1= ap)df +a®)kf9* (1 — ac)dg, + (1 — ap)(Nracdf, k§v?

+2ckg)ds + (dj"(‘wzucl\i}k{‘ + kS (2 — ap))a®)EC + ((1 — a]_)([\",»dj‘c kg2 + kS )ds + a“(dj‘cwzs\hkl" +(1-01- ac)a]_)ké"c“))d‘;‘s +((1—ag)df +a*(1— (xca[,))d‘;‘cké‘(t"‘]
where p indicates the spectral radius of F'V ~!. By Theorem 2 in [16], we have the following lemma:
Lemma 2 If R, < 1, then P} is locally asymptotically stable; if R, > 1, P} is unstable.

We now turn our attention to the full model (1). We calculate its reproduction number, Ry, and the local stability of its
disease-free equilibrium.
The disease-free equilibrium, Py, of model (1) is given by:

PO = (Tov L%? L(I)%’ Ig Ig
Using the notation in [16] on system (1), matrices for the new infection terms, F', and the other terms, V', are computed
to be:

o D8 18 18, VR VRV, E) = (1°,0,0,0,0,0,0,0,0,0, E°) ™

0 0 kg‘UéLTU 0 kg‘UéLTU 0 aL(l - GRT)/{)?TU 0
0 0 0 kg, T° 0 k§anT° 0 appkyTO
0 0 kg‘(l 7(IL)TU 0 0 0 (1 7(¥C)(17L1L)(176RT)]C?TU 0
P 0 0 0 kg(1 —ap)T° 0 0 0 (1—ac)(1 — ap)pkyTO
0 0 0 0 k‘g(l—ozL)TO 0 ch(l—a]‘)(l—ERy*)kaO 0
00 0 0 0 kg (1 —ap)T° 0 ac(l — ap)pkeT
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
a® +df 0 0 0 0 0 0 0
0 a® +dg 0 0 0 0 0 O
—(1 - ac)a” 0 k§ E° + dg, 0 0 0 0 0
v 0 —(1 - ac)a® 0 k§E° + df. 0 0 0 0
- —aca® 0 0 0 k§E° + d. 0 0 0
0 —aca® 0 0 0 k§EC+d3. 0 0
0 0 —Ns(1 —u)(1 —epr)dg, 0 =Ns(1 —u)(1 —epr)dg, 0 ¢ 0
0 0 —Nu(l — fp[)d‘}s —N,1pdg, —Nu(l — ﬁpf)d}”c —N,1bd§, 0 -
The associative basic reproduction number is computed to be:
Ry = p(FV™!) = max{R,, R} (®)

where p indicates the spectral radius of 'V ~!. By Theorem 2 in [16], we have the following lemma:
Lemma 3 If Ry < 1, then Py is locally asymptotically stable; if Ry > 1, Py is unstable.
Numerical Results

In this section, we show the results of the numerical simulations of model (1). The initial conditions used are T, = 486,
LSD = LRO =0.5x 105, ISO = IRO = 10, ICS() = ICR() = 40, VIso = V}Ro = 100, VNIO = 50 and EO = 333.

In Figures 1-3, we show the dynamics of the relevant variables of system (2) for different values of o, the fraction of
productively infected CD4™ T cells that become long-lived chronically infected cells. When « increases, the pool of
long-lived chronically productively infected CD4 T T cells grows. The later promotes the appearance of a larger number of
resistant infectious virus, which makes the eradication of HIV extremely difficult, since the drug-resistant strains escape
treatment [10]. In the literature, it was found that the contribution of the long-lived chronically productively infected
CD4™" T cells to the growth of plasma virus is more significant when the viral load is above 50 copies/ml [19].

In Figures 4-6, we depict the dynamics of the relevant variables of system (2) for different values of o, the fraction of
uninfected CD4T T cells that become latently infected. When oy, increases, it is observed an increase in the number of
latently infected CD4+ T cells. This means that the reservoirs of these cells are enlarged, which promotes an increase in
the amount of virus that escapes treatment [9]. Subsequently, after activation of the latent cells, new virus will be produced
and released into the blood stream. The later guarantees the persistence of HIV-1 in most patients under HAART regimens.
It is clear an increase in the number of sensitive virus for larger values of «f,.
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| Parameter | Figs. 1-3 | Figs. 4-6 |

A 10 100
AE 5 5

T 0.03 0.072
Traz 1500 1500
k1 1x107° | 0.7x107°
ko 24x107% ] 1.1x 1073
ks 99x107%]9.9x10°°
ke 3.3x107° | 3.3x107°

P 0.9 0.9

dr 0.01 0.01
dr, 0.05 0.02
drg 0.7 0.7
dr, 0.04 0.07
dg 0.015 0.015

c 23 10

ar, 0.02 varied
ac varied 0.195

a 3x 1072 2x 1074

U 3x107° 3x107°
N 3000 3000
N, 2500 2500
€ERT 0.8 0.4
€Epr 0.2 0.2

Table 1: Parameter values used in the simulations of model (2) based in [13, 34, 12].

The long-lived chronically sensitive productively infected T cells
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Time
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0 — 0
0 100 200 300 400 500 600 700 80 900 1000 0 100 200 300 400 500 600 700 80 900 1000
Time Time

Figure 1: Dynamics of the variables of system (1) for different values of a.c, the fraction of the productively infected CD4™ T cells
that become long-lived chronically infected cells. Parameter values and initial conditions are given in the text.

Conclusions

We analyzed the effect of the size of the latent reservoir and of the pool of chronically productively infected CD4™ T
cells in a model for HIV infection with drug resistance. We proved that for By < 1, the disease-free equilibrium is
locally asymptotically stable. When Ry > 1, the disease-free equilibrium becomes unstable. Outcomes of the numerical
simulations of the model show that the size of the latent reservoir is extremely important in the persistence of the plasma
viral load. The intrinsic stability of the resting memory CD4™ T cells is responsible for their longevity, which in turn
allows for longer shelter for wild-type HIV-1 virus and drug-resistant virus. In what concerns the pool of long-lived
productively infected CD4™ T cells, the results show that an increase in its size favours the appearance of more resistant
virus, that escape treatment, which turns the eradication of the plasma virus an impossible mission. Future work will
focus on the effect of distinct HAART regimens in the dynamics of the proposed model.
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Figure 2: Dynamics of the variables of system (1) for different values of a.c, the fraction of the productively infected CD4™" T cells
that become long-lived chronically infected cells. Parameter values and initial conditions are given in the text.
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Figure 3: Dynamics of the variables of system (1) for different values of a.c, the fraction of the productively infected CD4™ T cells
that become long-lived chronically infected cells. Parameter values and initial conditions are given in the text.

a=1 <10 a=1 104 a=1

Uninfected T Cells
Sensitive Latently Infected T Cells
Resistant Latently Infected T Cells

o 100 200 300 400 500 600 0 100 200 300 400 500 600 o 100 200 300 400 500 600

9000

8000

5000

4000

The sensitive infectious virus

1000

6000

5000

4000

The resistant infectious virus

1000

300
Time

600

Figure 4: Dynamics of the variables of model (2) for different values of vz, the fraction of uninfected CD4™1 T cells that become
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