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Summary. In this paper, an axially translating string with viscous damping and the time-varying axial velocity is studied. The
time-varying velocity is assumed to be sinusoidal and small in comparison to wave velocity. The viscous damping coefficient is also
assumed to be small. To solve initial-boundary value problem, a two timescales method is applied in order to obtain information
whether Galerkin’s truncation method is applicable for such type of problems or whether it has limited applicability in such cases.
Based upon the infinite dimensional system, it has been shown that the Galerkin’s method produces the wrong results for all parameter
values. In order to obtain accurate approximations for long times, it has been shown that the Galerkin’s method may be utilized for
some particular parameter value.

Introduction

Engineering devices like conveyor belts [1], elevator cables [2], plastic films, oil pipelines [3], magnetic tapes, band-
saw blades and, crane and mine hoists are considered in the category of axially translating continua. It is our common
observation that there are so many advantages of these axially moving devices. The noise and vibration, particularly
transversal vibration, in association to these devices have limited their applications. The understanding of transversal
vibrations of axially translating continua has a lot importance in design and manufacture of these devices. Axially moving
continua is categorized into string-like [4] or of beam-like [5] partial differential equations. The equations of motion for
axially moving conveyor belt can be derived by Hamilton’s principle. The axial velocity of a moving continua plays a
significant role on the dynamics of these systems. In literature, most of the research studies are limited to a constant
belt velocity. In this paper, a string-like equation is considered under viscous damping and time-varying sinusoidal axial
velocity. Based upon a two timescales method, the analytical approximations of exact solutions for an boundary-initial-
value problem are constructed so that the information about the complicated behavior of the system be sought.

Mathematical Model

Schematic representation of an axially translating string under viscous damping is represented in figure 1. The string
is assumed to be fixed at spatial locations x = 0 and x = L. The length L is constant between the pair of pulleys.
The mathematical model of an axially moving belt under viscous damping is formulated by energy principle such as
Hamilton’s principle. Thus, the following equation of motion with fixed boundary conditions as well as the general initial
conditions is given by,

ρ
(
utt + 2V uxt + Vtux + V 2uxx

)
− Tuxx + δ (ut + V ux) = 0, t ≥ 0, 0 < x < L (1)

u(x, t) = 0, atx = 0, L (2)

u(x, t) = f(x), ut(x, t) = g(x), at t = 0 (3)

where u(x, t) models the transversal displacement field variable of the string, x is a spatial coordinate, t is a time, V (t) is
the time-varying axial velocity, ρ is the linear mass density, T is the constant tension in the string, L is the constant length
between pair of pulleys and δ is the viscous damping coefficient.
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Figure 1: An axially translating belt

In order to utilize a two timescales method, we explicitly assume that the dimensional quantity δL is small in comparison
to ρc, where c =

√
T
ρ . Thus, it is reasonable to express δL

ρc = εδ0. We also assume that the horizontal axial speed V (t) is

small in comparison to wave-velocity c. Thus, we can express V (t)
c = ε(V0 +αsin(Ωt)), where 0 < ε << 1, V0, α and Ω

are constants. The belt always moves in forward direction only, so it is necessary to impose a condition such as V0 > |α|.
f(x) is the displacement and g(x) is the velocity, both are prescribed at the initial time t = 0.
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Method of Two Timescales

By using a two timescales method, the function u(x, t; ε) = ū(x, t, τ ; ε), where t = t and τ = εt. Now, by formal
expansion of ū(x, t, τ ; ε) in powers of ε, it yields

ū(x, t, τ ; ε) = ū0(x, t, τ) + εū1(x, t, τ) + ε2 · · · (4)

By making Eqs. (1)-(3) dimensionless, then by substituting aforementioned assumptions and Eq. (4) in so-obtained
equation, it follows that the O(1)-equation is

ū0tt − ū0xx = 0 (5)

and that the O(ε)-equation is

ū1tt − ū1xx = −2ū0tτ − 2(V0 + αsin(Ωt))ū0xt − αΩcos(Ωt)ū0x − δ0ū0t (6)

The solution of the O(1)-equation is

ū0(x, t, τ) =

∞∑
n=1

(An0(τ)cos(nπt) +Bn0(τ)sin(nπt)) sin(nπx) (7)

where An0 and Bn0 are functions of τ and called Fourier coefficients. These unknown functions can be calculated from
the O(ε)-equation. We are interested in the bounded solutions, therefore in solution of the O(ε)-equation it is necessary
to avoid the secular terms which give rise to the unbounded terms. Thus, we collect the coefficients of sin(nπt) and
cos(nπt) equal to zero, which produce system of coupled ODEs

dAn0(τ)

dτ
= −δ

2
An0(τ) + α[(n− 1)B(n−1)0(τ) + (n+ 1)B(n+1)0(τ)]

dBn0(τ)

dτ
= −δ

2
Bn0(τ)− α[(n− 1)A(n−1)0(τ) + (n+ 1)A(n+1)0(τ)]

(8)

Now, if nAn0 = Xn0 and nBn0 = Yn0, then the above system of coupled ODEs reduces to

d2w

dτ2
− 2δ0

dw

dτ
− (4α2 + δ20)w = 0 (9)

where w(τ) =
∑∞
n=1(X2

n0 + Y 2
n0). Therefore, the solution to Eq. (9) is given as

w(τ) = c1e(−δ0+2α)τ + c2e(−δ0−2α)τ (10)

Conclusions

A two timescales method has been utilized in order to construct the formal approximations of exact solutions for the
boundary-initial value problem. There are infinitely many fixed values for the harmonic frequency Ω for which internal
resonances occur. Only the case for the fundamental frequency ω = π near to excitation frequency Ω is studied in detail.
It has been shown that damping coefficient δ causes the reduction in all amplitudes of the oscillation. Furthermore, it is
observed that for the case δ0

2 = |α| the energy of the system is constant and for the case δ0
2 > |α| the energy of the system

is dissipating. Thus, in both of these cases the Galerkin’s truncation method may be applicable. On the other hand, for the
case δ0

2 < |α| the energy grows exponentially and that the Galerkin’s truncation method may produce wrong results.
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