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Numerical studies on piezoelectric energy harvesting from vortex-induced vibrations
considering cross-wise and in-line oscillations
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Summary. This paper presents numerical studies on piezoelectric energy harvesting from vortex-induced vibrations. The rigid cylinder
is elastically supported and oscillates in both in-line and cross-wise directions. Hydrodynamic loads are modeled through nonlinear
equations coupled to structural ones. Constitutive equations allow to obtain electric tension from in-line and cross-wise oscillations
independently. A sensitivity study is carried out with respect to two parameters that govern the dynamics of the solid-fluid-electric
system. It is showed a marked dependence of the harvested electrical power with respect to this parameter.

Introduction

Vortex-induced vibrations phenomenon (VIV) is a particular class of fluid-structure interaction problem that leads to self-
excited and self-limited oscillations. Contrary to other flow-induced vibrations phenomena, VIV occurs within a limited
range of free-stream velocities and present a well defined maximum oscillation amplitude. References [1] and [2] are
examples of surveys on the theme. In offshore engineering scenario, VIV may be important on the prediction of lifespan
of slender structures such as risers due to structural fatigue.
Even tough flow-induced vibrations produce undesirable effects on several structures, recently a series of investigations
have being carried out focusing on energy harvesting these oscillations. Examples of different ways to convert part of
the kinetic energy into another kind of energy are through electromagnetic effects, piezoelectricity (see [3]) or by moving
wheights ([4]).
There are several investigations that focus on energy harvesting from galloping and flutter phenomena (see, for examples,
references [6], [7] and [8]). VIV is also focus of investigation in this mentioned theme as can be found, for example, in
references [9], [11], [12] and [13].
The present work intends to contribute with the analysis of energy harvesting from VIV considering piezoelectric effects.
Particularly, focus is put on the case in which a rigid cylinder is mounted on an elastic support free to oscillate in both in-
line and cross-wise directions (2-dof VIV). Herein, hydrodynamic loads were modeled by means of nonlinear equations,
following the model presented in [14] and each direction is associated with a piezoelectric harvester circuit. The focus
here is to present the mathematical model and the first results of a series of investigations that are being carried out at
LMO. Special focus is put on the influence of two parameters of the mathematical model on the cylinder response and
on the harvested electric power. Finally, it is important to emphasize that, at least to the authors knowledge, there is no
investigation focusing on piezoelectric energy harvesting from 2-dof VIV.

Mathematical model

This paper focuses on energy harvesting from 2-dof VIV. A rigid cylinder with mass ms, diameter D and length L = 1 is
assembled to an elastic support defined by linear springs and dashpots in both cross-wise and in-line directions (indicated,
respectively, by subscripts x and y). The cylinder is immersed on a fluid with density ρ. The springs present stiffness
constants kx and ky and the dashpots are characterized by their constants cx and cy . Both directions have theirs own
piezoelectric harvester circuits, herein assumed to be identical and defined by their capacitances CP , electric resistance R
and electromechanical coupling term θ. Figure 1 sketches the problem herein investigated.
There are some approaches employed in modeling the hydrodynamic load due to VIV. In this paper, focus is put on
the so called phenomenological models. Such models employ non-linear equations (tipically, a van der Pol equation)
representing the fluid dynamics. The equation representative of the fluid is coupled to a structural oscillator. Details
regarding phenomenological models for VIV can be found, for example, in [15] and [16].
Herein, 2-dof VIV was modeled following the dimensionless equations presented in [14]. Displacements are normalized

Figure 1: Schematic representation.
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by the diameter D. ˙( ) indicates the derivative with respect to the dimensionless time τ = ωsyt, being ωsy =
√

ky
mt

=√
ky

ms+mf
the structural angular natural frequency in cross-wise direction. It is important to emphasize that the definition

of the cross-wise natural frequency includes the potential added mass mf = CaρπD
2L/4. In this paper, the added mass

coefficient is taken as Ca = 1.
Piezoelectric coupling terms were considered following the approach presented in [11] for 1-dof VIV. As already men-
tioned, the present investigation focuses on the case in which electric energy can be harvested simultaneously from in-line
and cross-wise oscillations. Following what was proposed in [15], an acceleration coupling is adopted aiming at to de-
scribe the fluid-solid interaction.
The dimensionless mathematical model is fully described by Eqs 1-6. Eqs. 1 and 2 refer, respectively, to the structural
oscillations in in-line and cross-wise directions. Notice that the structural model contains cubic nonlinearities. The fluid
dynamics present quadratic nonlinearities and are governed by Eqs. 3 and 4. Finally, Eqs. 5 and 6 relate the dimensionless
electric tension in in-line (V ∗x = Vx/V0) and cross-wise (V ∗y = Vy/V0) directions with the corresponding velocities Ȧx

and Ȧy , being V0 =
mtω

2
syD

θy
a reference electric tension.
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q̈x + 2εxΩ(q2x − 1)q̇x + 4Ω2qx − ΓxÄx = 0 (3)
q̈y + εyΩ(q2y − 1)q̇y + Ω2qy − ΓyÄy = 0 (4)

V̇ ∗x + σ2V
∗
x + σ1Ȧx = 0 (5)

V̇ ∗y + σ2V
∗
y + σ1Ȧy = 0 (6)

In Eqs. 1-4, Ur is the reduced velocity, f∗ and Ω refer, respectively to the ratio between in-line and cross-wise structural
natural frequencies and to the ratio between the vortex-shedding frequency ωf and the cross-wise natural frequency.
Dimensionless quantities λx and λy are related to the total damping on the model. MD and ML parameters that consider
the oscillatory parts of lift and drag forces observed for stationary cylinders (C0

L and C0
D respectively). These parameters

are written as:
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where ζx and ζy are the damping ratio in in-line and cross-wise directions, St is the Strouhal number, γ is the stall
parameter and CD is the mean drag coefficient for the the stationary cylinder. Parameter εy was adopted following the
empirical expression presented in [14]. This mentioned expression is given by Eq. 7 and takes into account the influence
of the mass ratio parameter m∗ = 4ms/ρπD

2L.

εy = 0.00234e0.228m
∗

(7)

Dimensionless quantities σ1 and σ2 are related to the piezoelectric harvested circuits. These quantities depend on the
electrical resistance, the capacitance and the electromechanical coupling term associated to the electric circuits. Mathe-
matically:

σ1 =
θ2

mtω2
syCP

;σ2 =
1

ωsyRCP
(8)

Some investigations such as, for example, reference [12], discuss energy harvesting considering the power dissipated at
the dashpot. In this present investigation, focus is put on the electrical power dissipated at the cross-wise circuit (Pel).
Such power is made dimensionless with respect to the flux of kinetic energy across the cylinder’s front area as:

η =
Pel

1/2ρU3
∞DL

=
2V 2

y

RyρU3D
=

4π4

U3
r

σ2,y
σ1,y

(Ca +m∗)(V ∗y )2 (9)

Notice that η can be interpreted as the piezoelectric energy harvesting efficiency. In this paper, focus is put on η̄, i.e., the
time-averaged values of η̄ during the steady-state response.
Eqs 1-6 are numerically integrated using MATLAB R© ode45 function (Runge-Kutta scheme). The total simulation time
is τmax = 200 and the time-step is constant and equal to ∆τ = 0.01. Two non-trivial initial conditions were adopted,
namely qx(0) = qy(0) = 0.2.
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Results

This paper focuses on the influence of both σ1 and f∗ on the energy harvesting. Even though the properties of the electric
circuit can be different in the two directions, herein they are assumed to be equal and the corresponding subscript will be
suppressed.
The inertial and geometrical properties of the cylinder are the same experimentally tested in a recirculating water channel
facility by [17]. In this mentioned investigation, D = 44.45mm, fsy = 0.69Hz, L/D = 13,m∗ = 2.6, f∗ = 1, ζx =
ζy = 0.0007 and ρ = 1000kg/m. Following what was used in [11], the capacitance and the electric resistance of the
piezoelectric harvesters are, respectively, 120nF and 5kΩ, leading to σ2 = 384. Following the suggestion presented in
[15], an amplified mean drag coefficient CD = 2 is considered together with St = 0.20. These values lead to γ = 0.8 for
all values of Ur. Tab. 1 presents others parameters of the wake-oscillator model presented in [14] and herein adopted.

Table 1: Parameters from Zanganeh and Srinil’s phenomenological model.

Parameter Value Parameter Value Parameter Value
εx 0.3 Γx = Γy 12 C0

L 0.3
αx = αy 0.7 βx = βy 0.7 C0

D 0.2

Firstly, we compare the numerical results obtained from the wake-oscillator model for pure VIV (i.e., when the elec-
tromechanical coupling term is null or, equivalently, when σ1 = 0) and f∗ = 1 with those experimentaly obtained and
presented in [17].
The numerical-experimental comparison of oscillation amplitudes is presented in Fig. 2. Both qualitative and quantitative
agreements are found in this mentioned correlation. Even though the numerical in-line oscillation amplitudes are smaller
than the experimental results (Fig. 2(a)), a marked adherence is found for the results concerning cross-wise direction - see
Fig. 2(b).
Notice that in the range 8 < Ur < 10, the experimental data reveals characteristics of the lower branch of response,
following the nomeclature adopted by [18]. On the other hand, the numerical results obtained using the wake-oscillator
model do not capture this feature. This is a well-known aspect of this kind of mathematical model that are being pursued
by the research group. A possible way to reach a better adherence in the lower branch is to adopt a different set o
parameters for the wake-oscillator model for this range of reduced velocity, similarly to what was carried out in [19] for
1-dof VIV. Even though the importance of a better capture of the lower branch, this is left for a further work.
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(a) In-line oscillation amplitude.
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(b) Cross-wise oscillation amplitude.

Figure 2: Numerical-experimental comparison. f∗ = 1 and σ1 = 0.

Fig. 3 illustrates a trajectory in the xy plane and clearly reveals a well know feature of 2-dof VIV, namely the pres-
ence of “eight-shapped” trajectories. This mentioned plot indicates the classical relation between dominant frequencies
fd,x/fd,y = 2.
The results presented in this Subsection indicate that the wake-oscillator model herein adopted is representative of 2-dof
VIV phenomenon. In this scenario, we now discuss the results obtained when the piezoelectric effect is concomitant to
VIV.
The first aspect to be investigated in this new scenario is the influence of σ1 on the cylinder. Physically, σ1 is varied
by changing the electromechanical coupling term. As already mentioned, σ2 = 384 is adopted. Finally, the in-line
to cross-wise natural frequency ratio is f∗ = 1. For the sake of clearity of this analysis herein presented, considering
θ = 0.00155N/V as in [11], it is obtained σ1 = 0.33. In this Subsection, this mentioned value, as well as two orders of
magnitude above and one order of magnitude below are studied.
Fig. 4 presents the oscillation amplitudes, the maximum electric tension and the energy harvesting efficiency as functions
of the reduced velocity. It is clearly noticeable that the oscillation amplitudes in in-line and cross-wise directions are
practically not affected by the piezoelectric effect for σ1 = 0.033, 0.33 and 3.3 (see Figs. 4(a) and 4(b)). On the other
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Figure 3: Trajectories in the xy plane. Numerical results with f∗ = 1.

hand, for σ1 = 33, it is observed an important decrease in both in-line and cross-wise oscillation amplitudes. Still
considering the oscillation amplitudes plots, the piezoelectric effect is irrelevant for Ur > 10, i.e., in the onset of the
desynchronization between vortex-shedding and oscillations.
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(a) In-line oscillation amplitude.
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(b) Cross-wise oscillation amplitude.
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(c) Time-averaged energy harvesting efficiency.

Figure 4: Influence of σ1 on the cylinder’s response and harvested power - numerical results.

The time-averaged energy harvesting efficiency as functions of the reduced velocity are presented in Fig. 4(c). As
expected, the larger the dimensionless quantity σ1, the larger is the value of η̄ for a given reduced velocity. Not surprising,
energy harvesting is possible only in the interval 4 < Ur < 8, i.e., in the range of reduced velocities in which the lock-in
is observed and that presents significant oscillation amplitudes. This mentioned plot also reveals that a peak of efficiency
larger than 5% is only possible for σ1 = 3.3 or σ1 = 33.
A second set of simulations is carried out focusing the influence of the in-line to cross-wise natural frequencies ratio in
the cylinder’s response. While σ1 is kept constant and equal to 3.3, three values of f∗ are studied, namely f∗ = 1/2, 1
and f∗ = 2.
Fig. 5 presents the oscillation amplitudes and the energy harvesting efficiency as functions of the reduced velocity. As
can be seen in Fig. 5(a), it is observed a marked increase in the in-line oscillation amplitudes for f∗ = 2.
The influence of f∗ on energy harvesting efficiency can be found in 5(c). This mentioned plot reveals that η̄ varies from
0.06 for f∗ = 1/2 to 0.08 for f∗ = 1. Notice also that the peak of η̄ for f∗ = 1 is verified for a slightly value of reduced
velocity.
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(b) Cross-wise oscillation amplitude.
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Figure 5: Influence of σ1 on the cylinder’s response and harvested power - numerical results. σ1 = 3.3.

The last aspecto to be herein discussed is the electric power that would be harvested if the cylinder tested by [17] was
fitted with piezoelectric harvesters. Herein, only the harvesters are defined by σ1 = 3.3 and σ2 = 384. Considering
the experimental parameters already presented, the free-stream velocity can be easily calculated as U∞ = UrωsuD/2π.
Using Eq. 9, the electrical power is obtained.
The time-averaged electrical power is plotted as a function of the free-stream velocity in Fig. 6. This mentioned plot
indicates that the maximum time-averaged electric power harvested at the cross=wise piezoelectric circuit is close to
80mW.
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Figure 6: Variation of harvested electric power as function of free-stream velocity.

Conclusions

This paper presented the first results obtained from a series of efforts aiming at deeper analysis on energy harvesting
from flow-induced vibrations phenomena. Focus was put on energy harvesting from Vortex-Induced Vibrations (VIV)
of a rigid cylinder assembled to a piezoelectric elastic support that allows oscillations in the horizontal plane (2-dof
VIV). Hydrodynamic loads were modeled through wake-oscillator model. At least to the author’s knowledge, there is no
investigation focusing on energy harvesting from 2-dof VIV.
The mathematical model was numerically integrated and oscillation amplitudes and harvested electric power were ob-
tained as functions of the reduced velocity and different parameters related to the cylinder and the piezoelectric circuits.
A large number of parameters govern the equations of motion and, hence, only two parameters were focus of the anal-
ysis. One of these parameters was the in-line to cross-wise natural frequencies ratio (f∗) and the other one is σ1, a
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dimensionless quantity related to the electromechanical coupling term of the piezoelectric circuit.
Firstly, it was showed that the wake-oscillator model is able to reproduce, both qualitatively and quantitatively, the oscilla-
tion amplitude curves for the pure VIV condition. Considering the cross-wise direction, it was found a marked adherence
with experimental data for reduced velocities up to Ur = 8. On the other hand, the numerical results indicated oscillation
amplitudes lower than experimental data for Ur > 8.
In a second set of analysis, the cylinder is coupled to the piezoelectric harvesters and the parameter σ1 is varied, keeping
the other parameters constant. Considering σ1 = 0.033, 0.33 and 3.3, the energy harvesting efficiency is lower than 0.1
with practically no decrease in the oscillations amplitudes. Another aspect investigated is the influence of the in-line to
cross-wise natural frequencies ratio considering σ1 = 3.3. It was found that the maximum energy harvesting efficiency
decreases from 0.08 for f∗ = 1 to 0.06 for f∗ = 2.
Further work include a deeper analysis of the influence of the parameters that govern the mathematical model on the
harvested electric power, as well as a comparison between the piezoelectric energy harvesting from 1-dof and 2-dof VIV.
It is also planned a series of studies comparing the energy harvesting efficiency from different flow-induced vibrations
problems.
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